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This work originates from a first year undergraduate research project on hidden symmetries of
the dynamics for classical Hamiltonian systems, under the program ’Jovens talentos para a Cieˆncia’
of Brazilian funding agency Capes. For pedagogical reasons the main subject chosen was Kepler’s
problem of motion under a central potential, since it is a completely solved system. It is well known
that for this problem the group of dynamical symmetries is strictly larger than the isometry group
O(3), the extra symmetries corresponding to hidden symmetries of the dynamics. By taking the
point of view of examining the group action of the dynamical symmetries on the allowed trajectories,
it is possible to teach in the same project basic elements of as many important subjects in physics
as: Hamiltonian formalism, hidden symmetries, integrable systems, group theory, and the use of
manifolds.
I. INTRODUCTION
The Keplerian motion is a well understood subject and
a good platform to introduce students of Physics to con-
crete, real world problems. Depending on the level at
which it is taught it may involve a direct study of the
properties of the allowed trajectories, ellipses, parabolae
and hyperbolae, a study of Hamiltonian mechanics, and a
discussion of the role of dynamical symmetries generated
by the angular momentum, associated to isometries, and
by the Runge-Lenz vector, associated to hidden symme-
tries. The role of dynamical symmetries tends to be left
to more advanced treatments since it is usually expressed
in terms of the abstract Poisson brackets algebra of the
conserved quantities of motion.
The present work takes its motivation from a first
year undergraduate research project under the program
’Jovens talentos para a Cieˆncia’, sponsored by the Brazil-
ian funding agency Capes [1]. The aim is to introduce the
student to the concept of dynamical and hidden symme-
tries using a concrete, well understood example, and in-
troducing a point of view on the subject that does not re-
quire mastery of symplectic space methods. The project
is at the same time designed to expose the student to
symplectic methods as well as other important topics in
physics such as integrable systems, group theory, use of
manifolds. It should be noted however that the point of
view taken, that the dynamical symmetry group of the
Kepler problem induces a group action on allowed tra-
jectories seen a single object, provides a simple way to
explain what the dynamical symmetry group is and to
geometrically visualise the action of hidden symmetries.
The work is structured as follows. In secII A we for-
mulate Kepler’s problem using Hamiltonian dynamics
and basic symplectic geometry, introducing the Poisson
brackets. In sec.II B we discuss the conserved quanti-
ties of Keplerian motion: the angular momentum and
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the Runge-Lenz vector, and the concept of dynamical
symmetry group that they generate. We comment on
the specific property of the system of being maximally
super-integrable and discuss the general concept of inte-
grability and super-integrability. In sec.II C we discuss
the allowed trajectories, ellipses, parabolae and hyper-
bolae, and the fact that there is a group action of the
dynamical symmetry group that transforms trajectories
into trajectories of the same energy. Then we calculate
explicitly the non-trivial hidden symmetry action orig-
inated by the Runge-Lenz vector, both in infinitesimal
and in finite form. The result is a smooth change in ec-
centricity of the conics performed at fixed energy that
runs through all the alllowed values of the eccentricity.
The action is thus transitive on trajectories of a given
energy. Finally, in sec.II D we discuss the global proper-
ties of the manifold of allowed trajectories, and how the
action of the dynamical symmetry group can be used to
classify them. We finish in sec.III with a summary and
concluding remarks.
II. KEPLER’S PROBLEM
A. Equations of motion, Hamiltonian dynamics
and symplectic geometry
Kepler’s problem consists of the classical motion of
a point particle with mass m in flat three-dimensional
space R3, under a central potential V = −kr . Here k is a
positive constant and r =
√
x2 + y2 + z2 is the distance
from the origin, x, y, z being cartesian coordinates. This
finds applications for example in the study of the gravi-
tational interaction of planets and comets with the Sun
in the solar system, or in the attractive interactions of
two electric charges of different sign.
We will use the following notation: {eˆx, eˆy, eˆz} is an
orthonormal cartesian base for vectors, ~r = xeˆx + yeˆy +
zeˆz is the radial vector and eˆr =
~r
r . t is the absolute time
coordinate and we will write time derivatives of functions
f(t) as dfdt = f˙ ,
d2f
dt2 = f¨ . The modulus of a vector ~v is
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2indicated with v. The motion under a central potential
V = −kr is a well understood dynamical system and there
are many excellent texts, both older and more recent,
discussing its main properties, along with the properties
of Hamiltonian systems and symplectic spaces in general.
We refer the reader for example to [2, 3], these two not
representing an exhaustive list.
Newton’s equations of motion are
m~¨r = − k
r2
eˆr , (2.1)
where the right hand side of the equation corresponds to
the attractive central force.
Eq. (2.1) can be conveniently reformulated in sym-
plectic space, that is the space defined by 6 coordinates
ya, a = 1, . . . , 6, where yi = x, y, z for i = 1, 2, 3, and
yi+3 = px, py, pz. ~p has the interpretation of a physical
momentum vector. In symplectic space we can exchange
eq.(2.1), that is a system of 3 second order equations,
with the following system of 6 first order equations:
~˙r =
~p
m
, (2.2)
~˙p = − k
r2
eˆr . (2.3)
These equations in turn can be given a geometrical origin.
First define the Hamiltonian function in symplectic space
as
H(~r, ~p) =
p2
2m
− k
r
, (2.4)
physically representing the total energy written as kinetic
plus potential energy. Then define the following antisym-
metric matrix:
ωab =
3∑
i=1
(
δai δ
b
i+3 − δai+3δbi
)
. (2.5)
This is the so-called inverse symplectic matrix. With this
matrix we can define two operations. The first operation
is the symplectic gradient of a function f(~r, ~p) as a 6-
dimensional vector Xf with components
Xaf =
6∑
b=1
ωab
∂f
∂yb
. (2.6)
Using the symplectic gradient we can re-write eqs.(2.2),
(2.3) as
y˙a = XaH , (2.7)
which has the interpretation of defining a trajectory t 7→
ya(t) in symplectic space that is tangent to XH . This
trajectory is the Hamiltonian flux passing through an
appropriate initial point.
The second operation we can define is a bracket, or
multiplication, acting on the space of functions f(y), g(y)
defined on symplectic space. We define it as
{f, g} =
6∑
a,b=1
ωab
∂f
∂ya
∂g
∂yb
∈ R . (2.8)
This is called Poisson bracket. The Poisson bracket is
antisymmetric, {f, g} = −{g, f}, and it can be shown
that is satisfies the Jacobi identity
{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 . (2.9)
Then the equations of motion eq.(2.2), (2.3) can also be
re-written as
y˙a = {ya, H} . (2.10)
From this equation we can interpret H as generator of
time translations, dya = {ya, H}dt. The time derivative
of any function f(~r, ~p) along an allowed trajectory t 7→
(~r(t), ~p(t)) obeying (2.7) can then be written as
f˙ =
6∑
a=1
∂f
∂ya
y˙a =
6∑
a,b=1
∂f
∂ya
ωab
∂H
∂yb
= {f,H} . (2.11)
As a consequence H is always conserved on trajectories.
B. Conserved quantities, dynamical symmetries
and Integrable systems
An important quantity in Kepler’s problem is the an-
gular momentum of the particle with respect to the origin
of coordinates:
~L = ~r × ~p . (2.12)
It can be easily checked applying the equations of motion
(2.2), (2.3) that the angular momentum is conserved, ~˙L =
0.
In general, given any regular function f(~r, ~p) on sym-
plectic space it is possible to generate an infinitesimal
transformation of the coordinates{
δxi = η{xi, f} ,
δpi = η{pi, f} , (2.13)
where η is an infinitesimal parameter. It is possible to
show that the inverse symplectic matrix is preserved un-
der the transformation, L(ωab) = 0, where L is the Lie
derivative, and therefore this is an infinitesimal canoni-
cal transformation. In particular, when f is a conserved
quantity, {f,H} = 0, this means the Hamiltonian func-
tion is conserved along the transformation, δH = 0.
The angular momentum, defined above, provides three
such independent conserved quantities and therefore
three independent infinitesimal transformations, namely
∀i = 1, 2, 3:{
δLi x
j = η {xj , Li} = −η ijkxk ,
δLi pj = η {pj , Li} = −η ijkpk , (2.14)
3where ijk is the totally antisymmetric Levi-Civita sym-
bol with 123 = 1. One can immediately recognize in
eq.(2.14) the form of an infinitesimal rotation. In fact
the Li quantities satisfy the Poisson algebra
{Li, Lj} =
3∑
k=1
ijkLk . (2.15)
This is the Lie algebra of the group O(3) of rotations in
3 dimensions, associated to infinitesimal transformations
of the group. So for every pair (~r, ~p) in symplectic space
eq.(2.14) represents an infinitesimal transformation of the
group O(3). Moving from infinitesimal to finite transfor-
mations one obtains a group action of the group O(3) on
symplectic space.
The angular momentum ~L and the energy H are
not the only conserved quantities for Kepler’s problem.
Another important vectorial conserved quantity is the
Runge-Lenz vector
~A = ~p× ~L−mk eˆr . (2.16)
This is quadratic in the momenta, as opposed to ~L which
is linear, and a derivation that ~˙A = 0 can be found in
references [2, 3]. H, ~L and ~A can be seen to form a
closed algebra under Poisson brackets, given by (2.15)
and
{Li, Aj} =
3∑
k=1
ijkAk , (2.17)
{Ai, Aj} = −2mH
3∑
k=1
ijkLk . (2.18)
Equations (2.15) and (2.17) have the interpretation that,
under the infinitesimal O(3) transformation (2.14), ~L and
~A transform as vectors in R3. Eq.(2.18) shows that the
algebra is closed. If we restrict to solutions with zero
energy, H = 0, the right hand side of (2.18) is zero and
the algebra of ~L and ~A is that of O(3)nR3. For solutions
with H = E 6= 0 we can introduce the new quantity
~B =
~A√
2m|E| , which satisfies
{Li, Bj} =
3∑
k=1
ijkBk , (2.19)
{Bi, Bj} = − sgn(E)
3∑
k=1
ijkLk , (2.20)
where sgn(x) = x/|x| for x 6= 0, sgn(0) = 0 is the signum
function. The algebra is that of O(4) for E < 0, and
O(1, 3) for E > 0. Both groups admit two Casimir oper-
ators, and it can be shown that they are given by
C1 = B
2 − sgn(H)L2 , (2.21)
C2 = ~L · ~B . (2.22)
One can check directly that {C(1,2), Li} = 0 =
{C(1,2), Bi} using the Poisson brackets. Then, for the
specific dynamics of Kepler’s problem one can substi-
tute eqs.(2.12), (2.16) into (2.21), (2.22) and obtain
C1 =
mk2
2|H| , C2 = 0. For the case H = 0 it is possible
to use C1 = A
2 = m2k2 and C2 = ~L · ~A.
The set {H,C1, C2} represents a maximal set of inde-
pendent mutually commuting functions on phase space.
In general, such set can have at most n elements, where
n is the dimension of the position space, 3 in our case.
A Hamiltonian system admitting a maximal set of inde-
pendent mutually commuting functions on phase space is
called Liouville integrable: this means that there is a set
natural ”action-angle” variables using which the system
becomes trivially solvable. In fact, the Kepler system is
maximally super-integrable, because it admits 5 indepen-
dent conserved quantities of the dynamics, meaning that
motion in the 6-dimensional symplectic space occurs on
a 1-dimensional curve once the 5 independent conserved
quantities are fixed. In general, in n dimension the max-
imum number admissible is 2n− 1, given that one of the
2n variables must always remain free in order to describe
the time evolution. There are 5 such independent quanti-
ties because the 7 quantities {H, ~L, ~A} are all conserved,
but they are not all independent, the functions C1 and
C2 providing two constraints.
The functions ~L, ~B generate, for a fixed energy H = E,
a group of transformations according to the rule (2.13).
Each of the transformations preserves the energy, δH =
0, and this is called the Dynamical Symmetry Group. The
O(3) part of the dynamical symmetry group represents
isometries, i.e. rigid rotations of the 3-dimensional con-
figuration space. It is possible to show that the remain-
ing dynamical symmetries cannot be written as isome-
tries. They are genuine transformations in symplectic
space, not in configuration space, see for example [4] for
a discussion of such symmetries for generic Hamiltonian
systems, and are called Hidden Symmetries of the dy-
namics.
It is common practice to introduce the dynamical sym-
metry group algebraically as done in this section, i.e. pre-
senting the generators of the group and their Poisson al-
gebra. While correct and useful, this approach is abstract
and tends to make it difficult to interpret the action of
the hidden symmetry transformations. Some authors in-
stead display explicitly the action of the dynamical sym-
metry group by extending the symplectic space to a big-
ger space, for Kepler’s problem see for example [5]. This
approach is interesting although it seems it may be neces-
sary to search for the correct set of extended coordinates
on an individual, problem by problem, basis. In the next
sections we show how for the Kepler problem the dy-
namical symmetry group acts transforming trajectories
into trajectories of the same energy. Therefore there is
an explicit group action on the space of trajectories, and
no extended space needs to be invoked. There already
exist works in the literature showing compatible results,
4for example that hidden symmetries in the Kepler motion
can change negative energy trajectories, that are ellipses,
into ellipses of a different eccentricity [6]. In this work
we will analyse explicitly only the Kepler problem, and
for this all types of trajectories, ellipses, hyperbolae and
parabolae, because of the focused nature of the current
research project. However, even if we will not discuss the
general case, the underlying reasoning used here applies
to generic systems. The generic case will be discussed
in a separate work. The hidden symmetry transforma-
tions become transformations that alter the shape of the
trajectories, while isometries keep the shape unchanged.
The action of the symmetry group is well defined on the
whole manifold of the possible trajectories, and by tak-
ing the quotient with respect to the group action we can
classify the different trajectories.
C. Allowed trajectories and group actions
It is a well known fact that the allowed trajectories that
do not pass through the origin in Kepler’s problem are
ellipses, hyperbolae and parabolae, according to whether
the total energy E is negative, positive or zero. There
exist also arbitrary energy straight line solutions that
correspond to a particle running into, or leaving from,
the center of coordinates.
We will focus on the conical trajectories, the straight
line solutions will be recovered as a limiting case of the
conics for L → 0. The conical trajectories lie in a plane
perpendicular to the vector ~L. In this plane we can intro-
duce cartesian coordinates x, y and 2-dimensional radial
coordinates ρ, θ, with ρ =
√
x2 + y2 the distance from
the center and θ the angle with the x axis. A generic
conic with one focus at the origin of the coordinates can
be parameterised as
1
ρ
= C [1 + e cos (θ − θ∗)] , (2.23)
where e is the eccentricity and θ∗ the angle of the peri-
helion, that is the angle between the point of minimum ρ
and the x axis. For e < 1 this is an ellipse, in particular
a circle when e = 0, for e = 1 a parabola and for e > 1 a
hyperbola.
In the specific Kepler problem one has C = mkL2 , and
e =
√
1 +
2EL2
mk2
=
A
mk
. (2.24)
In particular circles have E = −mk22L2 . We are excluding
for now the cases with L = 0, which are the straight lines.
The direction of the perihelion is given by that of ~A.
We can parameterise a possible trajectory using the fol-
lowing five variables: the components of ~L and ~A, subject
to the constraints that C1 and C2 in eqs.(2.21), (2.22) are
constant. The reason five coordinates are required is the
following: one can think that for each point (~r, ~p) in sym-
plectic space there passes a unique trajectory satisfying
eqs.(2.2), (2.3). This gives six coordinates, but one of
these is redundant: the time coordinate along the tra-
jectory. Similarly, trajectories of a given fixed energy E
are described by four coordinates. We can also choose
another set of local coordinates. First, for each given ori-
entation of ~L we define smoothly coordinates x, y in the
perpendicular plane. This can only be done locally, since
it is equivalent to choosing a vector eˆx perpendicular to
nˆ =
~L
L ∈ S2, and by the hairy ball theorem the choice
cannot be done at the same time globally and smoothly.
However, as we will see in section II D, we can limit our-
selves to consider only half of the sphere S2 and therefore
this limitation does not apply. So we can define a θ∗ vari-
able as the angle between ~A and the chosen x axis. Then
we can use as variables the energy E, the angular mo-
mentum ~L which can be decomposed into its modulus
L and the associated unit norm vector nˆ =
~L
L , and the
perihelion angle θ∗.
We now show that the dynamical symmetry group in-
duces an action on the space of trajectories. We intro-
duce the following notation. For a given function f(~r, ~p)
let Φ(f,s) be a map of symplectic space into itself, such
that Φ(f,s) : (~r, ~p) 7→ Φ(f,s)(~r, ~p), which is the image of
(~r, ~p) under the finite transformation generated by (2.13),
for a finite parameter s. If f is a constant of motion,
{f,H} = 0, then Φ(f,s) is a finite canonical transforma-
tion and one element of the dynamical symmetry group.
Since f and H Poisson commute then Φ(f,s) commutes
with the Hamiltonian flow Φ(H,t) for any value of t and s.
Consider now a trajectory passing through (~r0, ~p0): this
is given by all points of the kind Φ(H,t)(~r0, ~p0), for some
allowed t. If we act with Φ(f,s) on any of these points we
get
Φ(f,s)
(
Φ(H,t)(~r0, ~p0)
)
= Φ(H,t)
(
Φ(f,s)(~r0, ~p0)
)
, (2.25)
showing that this is the trajectory associated to the initial
point Φ(f,s)(~r0, ~p0). Then this means that Φ(f,s) trans-
forms a trajectory into another trajectory, with the same
energy.
For the Kepler problem, the O(3) transformations are
straightforward, since they correspond to rigid rotations
of trajectories where ~L and ~A rotate accordingly without
changing modulus. We want now to examine the action
of the hidden symmetries, the transformations generated
by ~A. We do this in the following way. We start with
a reference system where ~L lies in the z direction and ~A
in the x direction. Then we apply an infinitesimal trans-
formation according to (2.13) and infer the result of the
corresponding finite transformation. For a transforma-
tion generated by Ax, using the algebra (2.17), (2.18),
we find that the only non-zero transformation is
δAy = η{Ay, Ax} = η 2mEL, (2.26)
with δL2 = 0 = δA2. This is then the infinitesimal ver-
sion of a rotation around the ~L axis, and belongs to the
5O(3) isometry subgroup. Similarly, the transformation
generated by Az has
δLy = η{Ly, Az} = −ηA , (2.27)
with δL2 = 0 = δA2, and is a rotation around the ~A
axis. The only non-trivial transformation is the one give
by Ay, which has{
δLz = η{Lz, Ay} = −ηA ,
δAx = η{Ax, Ay} = −η 2mEL . (2.28)
Thus the amplitude of both ~L and ~A change, respecting
δC1 = 0 = δC2 as can be explicitly checked. A direct
calculation shows that under this transformation
δe = −η 2EL
k
= −η sgn(E)
√
2m|E|
√
|e2 − 1| . (2.29)
Then the corresponding finite transformation will be a
change in eccentricity at fixed energy. For parabolae,
that have E = 0, the eccentricity stays constant and
equal to 1, and only the amplitude of ~L changes, which
is consistent with the general condition A2 = m2k2 +
2mEL2. Then changing L amounts to parabolae with
different distances between the perihelion and the origin
of the coordinates.
It is easy to find the finite form of transformations
(2.28), (2.29). It is convenient to use the identities A =
mke, A2 = m2k2 + 2mEL2, and e =
√
1 + sgn(E)L˜2,
where we defined the variable L˜ =
√
2|E|
mk2L. In terms of
these eqs.(2.28), (2.29) are integrated as follows. If E < 0
then 0 ≤ L˜ ≤ 1 and
L˜(s) = cos
(√
2m|E|s+ cos−1 L˜0
)
, (2.30)
e(s) = sin
(√
2m|E|s+ sin−1 e˜0
)
, (2.31)
where s is the transformation finite parameter, 0 ≤ e ≤ 1
and e2 + L˜2 = 1. It can be seen that this transformation
deforms a circle, e = 0, L˜ = 1, into ellipses of higher
and higher eccentricity, with limit e = 1, L = 0, which
is segment of straight line and not, in order to clarify
possible doubts, a parabola.
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FIG. 1. The finite transformation (2.31) is displayed for the
following values of the eccentricity: 0, 0.25, 0.5, 0.75, 0.85,
0.95, 0.999. The ellipses lay in the x, y plane, with foci on
the x axis. To generate the image we have set k
2|E| = 1.
For E = 0 the transformation is jut
L(s) = −mks+ L0 , (2.32)
e(s) = e0 , (2.33)
with no change in eccentricity - parabolae are mapped
into parabolae, since the energy is unchanged - but with
a varying L which means that the shape of the parabola
changes. For L→ 0 the conic degenerates into a straight
line.
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FIG. 2. The finite transformation (2.32) is displayed for the
following values of the parameter L: 0.025, 0.25, 0.5, 0.75, 1,
1.25. The parabolae lay in the x, y plane, with focus on the
x axis. To generate the image we have set mk = 1.
Lastly, for E > 0 the variable L˜ satisfies L˜ ≥ 0 the
transformations are given by
L˜ = sinh
(
−
√
2m|E|s+ sinh−1 L˜0
)
, (2.34)
e = cosh
(
−
√
2m|E|s+ cosh−1 e˜0
)
, (2.35)
with e2 − L˜2 = 1, and the hyperbola degenerating into a
straight line for L˜→ 0.
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FIG. 3. The finite transformation (2.35) is displayed for the
following values of the eccentricity: 1.0005 , 1.05, 1.15, 1.25,
1.5 and 1.75. The hyperbolae lay in the x, y plane, with foci
on the x axis. To generate the image we have set k
2|E| = 1.
6D. The space of allowed trajectories as a manifold
with global properties
One of the advantages of thinking of the dynamical
symmetry group as a group acting on the space of allowed
trajectories is that it allows to consider the latter space
as a global object on its own, and to classify it according
to the group action.
We can start by studying separately the sections of
constant E. For E < 0 we have ellipses with 0 ≤ L˜ ≤ 1.
L˜ = 1 represents the circles, or equivalently E = −mk22L2 .
To describe a general ellipse we need to specify 3 coordi-
nates for ~L, which amounts to specifying the orbital plane
and the value of L, and a fourth coordinate corresponding
locally to θ∗ or in general to ~A subject to the constraints
C1 and C2. This last freedom can be parameterised by
a variable on the circle S1. Given that L ≤
√
mk2
2|E| one
might think that the variable ~L should lie within a sphere
of radius
√
mk2
2|E| , which increases to infinity when the en-
ergy increases to zero. However, the operation ~L → −~L
is redundant since it yields the same orbital plane and
the same value of L, and should be quotiented out. So ~L
lies in a closed ball of radius
√
mk2
2|E| modulo the inversion
operation, ~L ∈ S
(√
mk2
2|E|
)
/Z2. For all values of ~L inside
the ball the eccentricity is different from zero and there
is an S1 freedom to rotate the ellipse around the ~L axis.
However, for ~L on the surface of the ball the trajecto-
ries are circles and the S1 freedom disappears: rotations
around the ~L axis no longer generating new trajectories,
so the S1 collapses into a point. We can therefore picture
the space of trajectories of a given negative energy E as
a cone with base given by S
(√
mk2
2|E|
)
/Z2, the tip of the
cone lying on the border of the sphere. Since using the
dynamical symmetries we can change the direction of ~L
and ~A (isometries), and their moduli (the non-trivial hid-
den symmetry) then the action of O(4) is transitive on
trajectories of negative energy. In other words, if we use
dynamical symmetry transformations as an equivalence
relation on the space of trajectories of a given negative
energy E < 0, then there is only one representative for
each value of the energy.
For E ≥ 0 the analysis is similar but the S1 circle
does not collapse at any point, and moreover L˜ is un-
bounded from above, so the fixed energy manifold is given
by R3/Z2×S1. In both cases the action of O(4) is transi-
tive and there is only one representative per given value
of the energy.
III. CONCLUSIONS
We have discussed the classical Kepler problem from
the point of view of its dynamical symmetries. While it
is well known that the group of symmetries of the dy-
namics is strictly larger than O(3), this is normally dis-
cussed in terms of Poisson brackets algebra and infinites-
imal canonical transformations. We have taken here the
point of view that the group of symmetries of dynam-
ics acts on the space of allowed trajectories as a whole,
and found the explicit form of the finite group transfor-
mations. We have shown that the dynamical symmetry
group acts transitively on the space of trajectories of fixed
energy E, for any allowed value of the energy, and we
discussed the global structure of the manifold of allowed
trajectories. Thus in a single project it has been possible
to touch on several important subjects in physics.
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